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Planning of Proof by Heuristic Tableau
Yasuo Nakanishi
Abstract : In a heuristic process of proof in mathematics, we try not only forward derivations
from the assumptions such as ‘from A, we get B’ but also backward derivations from the
conclusion such as ‘in order to get C, we need D’. Thus, we have to discover all the statements
which connect assumptions with the conclusion, to complete the planning of the proof. We
define ‘heuristic tableau’ as a tableau which consists of those statements aranged in the order
of discovery with symbols which express the logical relations of those statements. We suggest
a planning method of proofs by using heuristic tableaus. For a concrete explanation, we use
the first order NK system of Gentzen to explain our method. Our method gives an algorithm
to prove arbitrary tautologies of the first order NK system, and is also valid for practical
mathematics which is not necessarily formalized in symbolic logic.
Keywords : Proof, Heuristic Tableau, NK
1.
A B A B C
C D
heuristic tableau
Gentzen NK
NK
[1]
2.
NK → ∧
∨ ¬ ∀ ∃ ,
NK
→
[A]
A A→ B B
B A→ B
A A → B B →
→ A B
A→ B → →
A B
∧
A ∧B A ∧B A B
A B A ∧B
∧ ∧
∨
[A] [B]
A ∨B C C A B
C A ∨B A ∨B
A ∨B A C B C
C ∨ →
∨
¬
[A]
A ¬A ⊥ ¬¬A
⊥ ¬A A
⊥ A ¬A
¬ A
¬A ¬ ¬¬
∀
∀xP (x) P (a)
P (t) ∀xP (x)
∀ t P (t)
∀ a P (a)
∀xP (x)
∃
[P (a)]
∃xP (x) C P (t)
C ∃xP (x)
∃ a C P (a)
C ∀xP (x) ∃
t P (t)
NK
3.
NK
NK
[1]
NK
• → A→ B A B
A→ B
A
B
?
?
A → B B
A→ B A
A → B A B
A→ B A B
→• → A→ B C ¬C A
B C
A→ B
A
B
r
r
A→ B
A B
A A
A A
B A→ B
(1)
¬C
A→ B A
B
(1)
C ¬C
⊥ (1)
¬¬C
C
• ∧ A ∧B A B
A ∧B
A
B
r
r
(∧ )
• ∧ A ∧ B C A B C
A ∧B
A
B
?
?
• ∨ A ∨B ¬A B
¬B A
A ∨B
A
B
?
?
¬ ∨
[¬A]
B
A ∨B
• ∨ A∨B C A C
B C
A ∨B
A
B
r
r
∨
• ¬ ¬A A ⊥
¬A
A?
⊥
¬
• ¬ ¬A ⊥ A
¬A
A?
¬
• ∀ ∀xP (x) P (a) a
∀xP (x)
P (a)?
∀
• ∀ ∀xP (x) C ∀xP (x) P (t) t
P (t) C
∀xP (x)
P (t)?
(∀ )
• ∃ ∃xP (x) ¬∃xP (x) P (t) t P (t)
∃xP (x)
P (t)?
(1)
¬∃xP (x)
P (t) (1)
∃xP (x) ¬∃xP (x)
⊥ (1)
¬¬∃xP (x)
∃xP (x)
• ∃ ∃xP (x) C P (a) a
C
∃xP (x)
P (a)?
∃
4.
14 ,
4.1 ∀xP (x)→ ∃xQ(x)⇒ ∃x[P (x)→ Q(x)]
01 ∀xP (x)→ ∃xQ(x)
02 ∃x[P (x)→ Q(x)]r03 ∀xP (x)
?04 P (a)
?05 P (a)→ Q(a)
?06 P (a)
?07 Q(a)r08 ∃xQ(x)
?09 Q(b)
?10 P (b)→ Q(b)
?11 P (b)
?12 Q(b)
01 ∀xP (x)→ ∃xQ(x)
02 ∃x[P (x)→ Q(x)]
03 → ∀xP (x) → ∃xQ(x)
∀xP (x) ∃xQ(x)
∀xP (x)→ ∃xQ(x) ∀xP (x)
04 ∀ ∀xP (x) P (a)
∀xP (x) P (a)
05 ∃ ∃x[P (x)→ Q(x)] P (a)→
Q(a) ∃x[P (x) → Q(x)]
P (a)→ Q(a)
06,07 → P (a)→ Q(a) P (a)
Q(a) P (a)→ Q(a)
P (a) Q(a) P (a) P (a)
08 ∀xP (x)→ ∃xQ(x) ∃xQ(x)
09 ∃ ∃xQ(x) Q(b)
∃xQ(x) Q(b)
10 ∃ ∃x[P (x)→ Q(x)] P (b)→
Q(b) ∃x[P (x) → Q(x)]
P (b)→ Q(b)
11,12 → P (b)→ Q(b) P (b)
Q(b) P (b)→ Q(b)
P (b) Q(b) Q(b) Q(b)
NK
• ∃xQ(x) Q(b)
Q(b)
• 12
11 10 →
0 P (b)
Q(b)
P (b)→ Q(b)
• 2 10 ∃
Q(b)
P (b)→ Q(b)
∃x[P (x)→ Q(x)]
• 8 9 ∃
(1)
Q(b)
P (b)→ Q(b)
∃xQ(x) ∃x[P (x)→ Q(x)] (1) A)
∃x[P (x)→ Q(x)]
• ∀xP (x) P (a)
P (a)
• 5 6
→ Q(a)
P (a) ¬Q(a) 0
P (a) ¬P (a)
⊥
¬¬Q(a)
Q(a)
→
(2)
P (a) ¬P (a)
⊥
¬¬Q(a)
Q(a) (2)
P (a)→ Q(a)
• 2 5 ∃
(2)
P (a) ¬P (a)
⊥
¬¬Q(a)
Q(a) (2)
P (a)→ Q(a)
∃x[P (x)→ Q(x)]
• 3 4 ∀
P (a)
(2) (3)
P (a) ¬P (a)
⊥
¬¬Q(a)
Q(a) (2)
P (a)→ Q(a)
∃x[P (x)→ Q(x)] ¬∃x[P (x)→ Q(x)]
⊥ (3)
¬¬P (a)
P (a)
∀
(2) (3)
P (a) ¬P (a)
⊥
¬¬Q(a)
Q(a) (2)
P (a)→ Q(a)
∃x[P (x)→ Q(x)] ¬∃x[P (x)→ Q(x)]
⊥ (3)
¬¬P (a)
P (a)
∀xP (x)
• 1 3 8 →
(2) (3)
P (a) ¬P (a)
⊥
¬¬Q(a)
Q(a) (2)
P (a)→ Q(a) (4)
∃x[P (x)→ Q(x)] ¬∃x[P (x)→ Q(x)]
⊥ (3)
¬¬P (a) (1)
P (a) Q(a)
∀xP (x)→ ∃xQ(x) ∀xP (x) P (a)→ Q(a)
∃xQ(x) ∃x[P (x)→ Q(x)] (1) (4)
∃x[P (x)→ Q(x)] ¬∃x[P (x)→ Q(x)]
⊥ (4)
¬¬∃x[P (x)→ Q(x)]
∃x[P (x)→ Q(x)]
∨
∨
NK
[1]
[2]
[3] A A
[4] A A
A
[5]
5.
5.1 loga b =
logc b
logc a
01 loga b =
logc b
logc a
02 loga b = x
03 x =
logc b
logc a
04 x logc a = logc b
05 logc ax = logc b
06 ax = b
07 ax = b
01 a, b, c
02 x loga b = loga b ∃x[loga b = x]
03 loga b = x 02 loga b =
logc b
logc a
01 x =
logc b
logc a
NK NK
A→ B A B
04,05,06
07 02 06,07
loga b = x ax = b logc ax = logc b x logc b = logc a x =
logc b
logc a
loga b = x loga b =
logc b
logc a
5.2 a b ab a b
01 a, b
02 ab a, b
03 L a, b
04 ab = L
05 ab a, b
06 ab L
07 ab = kL k
08 k = 1
09 k a, b
10 k a
11 a/k = L/b
12 b L
13 k b
14 b/k = L/a
15 a L
01
02
03 L
04 L a b 03 ab a b 02
ab = L
05
06 04,05
07 k
08 ab = kL 07 ab = L 04 k = 1
09 a, b 01 k = 1 08 k a, b
10 k a
11 07 10
12 a/k = L/b 11 k a 10 b L
03
13 k b
14 07 13
15 b/k = L/a 14 k b 13 a L
03
L a, b ab a, b L
ab = kL k a/k = L/b b L k a
b/k = L/a a L k b k a, b
a, b k = 1 ab = L a b
5.3 lim
x→ax
2 = a2
²− δ
01 lim
x→ax
2 = a2
02 ² > 0
03 δ > 0, ∀x[|x− a| < δ → |x2 − a2| < ²]
04 |x− a| < δ
05 |x2 − a2| < ²
06 |x+ a||x− a| < ²
07 |x+ a| = |x− a+ 2a| 5 |x− a|+ 2|a|
08 (|x− a|+ 2|a|)|x− a| < ²
09 (δ + 2|a|)δ < ²
10 δ < 1
11 (1 + 2|a|)δ < ²
12 δ <
²
1 + 2|a|
13 0 < δ < Min
{
1, ²1+2|a|
}
01
02,03 lim
x→ax
2 = a2 01 ² > 0 ∀x[|x−a| < δ → |x2−a2| < ²]
δ > 0 ² > 0 x
|x − a| < δ → |x2 − a2| < ² δ
δ
04,05 |x−a| < δ → |x2−a2| < ² 03 |x−a| < δ |x2−a2| < ²
06 |x2 − a2| < ² 05
07
08 |x+ a| = |x− a+ 2a| 5 |x− a|+ 2|a| 07 |x+ a||x− a| < ² 06
(|x− a|+ 2|a|)|x− a| < ²
09 |x−a| < δ 04 (|x−a|+2|a|)|x−a| < ² 08 (δ+2|a|)δ < ²
10 δ < 1 δ
11 δ < 1 11 (δ + 2|a|)δ < ² 09 (1 + 2|a|)δ < ²
12 (1 + 2|a|)δ < ² 11
13 δ > 0 03 δ < 1 11 δ <
²
1 + 2|a| 13 δ
² > 0 0 < δ < Min
{
1, ²1+2|a|
}
δ δ <
²
1 + 2|a|
(1 + 2|a|)δ < ² δ < 1 (δ + 2|a|)δ < ² |x − a| < δ x
(|x − a| + 2|a|)|x − a| < ² |x + a| = |x − a + 2a| 5 |x − a| + 2|a|
|x+ a||x− a| < ² |x2− a2| < ² ∀x[|x− a| < δ → |x2− a2| < ²]
δ > 0 lim
x→ax
2 = a2
6.
[1]
2010
[2] 1970
[3] N.W. 1981
[4] John Nolt/Dennis Rohatyn 1995
[5] 1995
[6] 2007
